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Algebraic series

Binomial expansion:

(a+b)' =a" + UJ a"'b+ (Zj a" b + (:j a" b’ +...+b", where n is a positive integer and

ny n!
r _r!(n—r)!

Maclaurin expansion:

2 n
f(x) = f(0) + x £(0) + ’;—'f"(O) T x—'f(") ) +...
! n.

(1+x)"=1+nx+n(n'_l)x2+...+n(n_1)"'$n_r+1)x’+... (]x[<1)
! r!
2 3 xr
el =l4+x+—+—+.. +—+... (all x)
21 3 r!
3 5 1\ 4 2rtl
sinx=x— 2t — . G xm (all x)
38 2r+1)!
2 4 1\ 427
cosx=1—x—+x——...+u (all x)
204 (2r)!
2 3 R Y WA
1n(1+x)=x—x—+x——...+(1)—x+... (-1<x<1)
2 3 r
Partial fractions decomposition
Non-repeated linear factors:
px+q ! B

(ax+b)(cx+d) (ax+b) " (cx+d)

Repeated linear factors:

px’+gx+r ! N B N C
(ax+b)(ex+d)?>  (ax+b) (cx+d) (cx+d)?

Non-repeated quadratic factor:

px’ g +r A Bx+C

(ax+b)(x* +c?) - (ax+b) (x*+c?)
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Standard discrete distributions

Distribution of X P(X =x) Mean Variance
Binomial B(n,p) [njpx a-p" np np(1- p)
X
. A
Poisson Po(A) et A A
x!
. 1 1 1- p
Geometric Geo(p) 1-py p — 5
p P
Standard continuous distribution
Distribution of X p.d.f. Mean Variance
Exponential de™ : :
e - —
p /1 12

Sampling and testing

Unbiased estimate of population variance:

o (z(x—x)zj: 1 {sz_(zx)zJ

-1 n n—1 n

Unbiased estimate of common population variance from two samples:
§2 = 2(x - %)’ +E(x, - X,)°

n +n,—=2

Regression and correlation
Estimated product moment correlation coefficient:
XXXy
— — Xxy —
Ea-D0-¥) "

n

Estimated regression line of y on x:

X(x—-X)y-Jy)

VEG-)? 2 -] \/{sz _w} (Eyz _@y)zJ

—y=b(x—-Xx), where b=
y=y=b(x-X) S 1)

viii
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Chapter 1

Functions

1.  This question is about range of functions.

Find the exact range of the following
functions,

(a) f(x)=x(x—-4),x>0; [
(b) f(x)=x(x-4),0<x<4; [
(c) f(x)=In(x+3), x>-3; [2]
(d) f(x)=In(x+3),1<x<3; [
(e) f(x)=e"+2,-3<x<3. [

2. This question is about inverse functions.

(i) For the following functions, find the
inverse function, f!, giving its rule,
domain and range.

Sketch, on the same diagram the
graphs of f(x) and its inverse, showing
the relationship between them.

(ii)

(a) f(x)=x(x—4), x <—4; [4]
(b) f(x)=In(x+3), x >-3; [4]
(c) f(x)=e"+2,x<-3. [4]

3. This question is about composite functions.

The functions f, g, and h are given as
follows:

f:x>1-e?,xeR",
g:x > In(B+2x), x e R,

h:x— 4+sin(nx), x € R".

(i) Find the ranges of f(x), g(x) and h(x).
[6]

(ii) Find the ranges of the composite
function fog and hof. [3]

Chapter 1 | Functions

4.

5.

6.

This question is about inverse and composite functions.

The functions g and h are given as follows:
g:xt>3-x*,xeR, x<k,
h:x—>In(B-x),xe R, x <3.

(i) Find the largest integer value of k
given that the inverse g™! exists, and
define g™! in similar form. [4]

(ii) Using the k found in (i), show that hg
exists and find its corresponding range.

3]

This question is about composite functions.
The functions f, g, and h are given as
follows:
f:x —4x%,xeR,
g:xt e xeR,
h:x— In(1-3x), x e R, x <0.25.

Determine whether the composite
functions gf, fh, hf and hg exist. [6]
If the composite function exists, define
the function in similar form and state its
exact range. [4]

This question is about inverse functions.

The function f is given as follows:

f:xl—)L,le,
ax a

where a 1s a constant greater than or
equalsto 1. Solvetheequation f(x) = f(x).

[4]



Intermediate e

1. This question is about piece wise functions.

The function f is given as follows:

T—2x, 0<x<3,
f(x)= )
(2x-5)*, 3<x<A4.

and it is given that f(x—4)="f(x) for all
real values of x .

(i) State a reason why f does not have an

inverse. [1]

(ii) Sketch the graph of y=f(x) for
—2<x<7. [3]

(iii) Evaluate f(2019). [1]

2. This question is about inverse and composite functions.

The function f is given as follows:

f:x xeR,x #2.

-_a
(2x — 4)*
where a 1s a positive constant.

(i) State the largest possible domain of
f in the form of (—e0,b) such that the
mverse function of f exists, where b is
to be determined. [1]

(ii) Hence, define f™! in a similar form, in
terms of a. [3]

The functions g and h are given as
follows:

g:x > In(2x+3),x e (-1,1],
h:x— x®-2x-1,x e R".

(ii1) Verify whether the composite function
gh exists. (2]

(iv) Find the rule and domain of the
composite function hg, and hence find
its range. [3]
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3. This question is about inverse and composite functions.

The functions u and v are given as follows:

u:x b log,x,x e R,
where a is a constant greater than 1,

V:le,xeR+.
x

(i) State the ranges of u and v, and show
that if t denotes the composite
function uov, then t(x)+u(x)=0.

3]

(i1) Explain briefly why the composite
function vou cannot be properly
defined unless the domain of u is
restricted to a subset of R, and state
the largest possible subset which
would be suitable for you to be
defined. [2]

(iii) Define the inverses of u and v in
similar form, and determine whether

or not, t7(x)+ul(x)=0 [4]

4. This question is about inverse and composite functions.
The functions f and g are given as follows:
f:x 2;”_62,xeR,x>1,
where a is a constant greater than 4,

2_
gix> et xelR.

(i) Sketchthegraphof y =g(x),labelling
any axial intercepts. [2]

(ii) Ifthe domain of g is further restricted
to [b,~), state with a reason the least
value of b for which the function g™
exists. [2]



1.

2.

3.

This question is about inverse functions and piece wise
functions.
The function f is given as follows:
-1-2x for —3<x<-1,
fixr>4 —x° for —1<x <1,
2x +1 for1<x<3.
(i) State the range of the function and
sketch the graph of y = f(x). [3]
(ii) Define the inverse function in similar
form and determine whether this
inverse function is a well-defined
function. [5]
This question is about inverse and composite functions.
The function f is given as follows:
f:x|In(2x+8)|,xeR,—4<x<a,
where a is a real constant.
(i) Explain why f! does not exist when
a=0. (2]
(ii) State the maximum exact value of
a such that the inverse function of f
exists. [1]
Let a be the value found in (ii) for the
rest of this question.
(iii) Define the inverse function of f in a
similar form. [2]
(iv) The function g is defined by
g:xt>b+e¥,x >-In2,
where b is a real constant. Show that
the composite function gf exists and
determine the exact range of gf in
terms of b. [3]
This question is about inverse, composite and piece wise

functions.
The function f is given as follows:
f:x3x2+12x-5,x<a,aeR.

(i) Find algebraically, the largest integer
value of a such that the inverse
function of f exists. [2]
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4.

5.

For this value of a, define the inverse
function of f in similar form. [3]

Another function g is defined by
3-2x%, for0<x<2,
gix
-x-3, for2<x<4,
and that g(x)=g(x+4) for all real
values of x .

(ii) Sketch the graph of y=g(x) for
-3<x<5h. [3]
(ii1) Using the previous results, explain
why composite function f'g(x) exists
and find the exact value of f™'g(6) [3]

This question is about inverse and composite functions.

The function f is given as follows:
f:x Ha+i,x eR,x#1,
1-x
where a 1s a negative real number.
(i) By differentiating f(x), show that f!
exists. (2]

(ii) Find the set of values of a such that
the equation f(x)=2x has real
solutions. [3]
The functions g and h are given as
follows:

g:x B f(x),x <0,
o\ T
h:x |—>[3x—(a+§)] ,x eR.
(ii1) Find the range of hg exactly, in terms
of a. (2]
This question is about inverse and composite functions.

The functions g and h are given as follows:

g:xH—>1+ JxeR,x<a,a2>1,

h:xInx?,xeR,0<x<1.
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